E11, Romans theory and higher level duality relations by Tumanov, Alexander G. & West, Peter
ar
X
iv
:1
61
1.
03
36
9v
2 
 [h
ep
-th
]  
9 J
an
 20
17
E11, Romans theory and higher level duality relations
Alexander G. Tumanov and Peter West
Department of Mathematics
King’s College, London WC2R 2LS, UK
Abstract
From the underlying non-linear realisation we compute the complete E11 invariant
equations of motion in eleven dimensions, at the linearised level, up to and including level
four in the fields. Thus we include the metric, the three and six forms, the dual graviton
and three fields at level four. The fields are linked by a set of duality equations, which are
first order in derivatives and transform into each other under the E11 symmetries. From
these duality relations we deduce second order equations of motion, including those for
the usual supergravity fields. As a result the on-shell degrees of freedom are those of the
eleven dimensional supergravity. We also show that the level four fields provide an eleven
dimensional origin of Romans theory and lead to a novel duality relation.
1
1. Introduction
The non-linear realisation of the semi-direct product of E11 and its vector represen-
tation leads to an E11 invariant field theory that has an infinite number of fields which
live in a space time that has an infinite number of coordinates [1,2]. These fields and
coordinates can each be classified by a level. By taking different decomposition of E11 into
the subalgebras GL(D)⊗E11−D one finds theories in D dimensions [3,4,5,6]. The fields at
low levels are just those of the maximal supergravity theories in the different dimensions
and the lowest level coordinates are just the coordinates of our usual space times. The
non-linear realisation also determines the equations of motion that the fields obey. The
final result is a set of field equations which rotate into each other under the E11 symmetry.
It was recently shown that the non-linear equations of motion of the eleven dimen-
sional theory are uniquely determined at low levels and they are precisely those of eleven
dimensional supergravity [7,8]. The analogous calculation has been carried out in five
dimensions [7] and, taking into account the results in eleven dimensions, one finds the
same conclusion [8]. It is inevitable that similar results apply in all the other dimensions.
This essentially confirms the E11 conjecture, namely that the low energy effective action
of strings and branes has an E11 symmetry.
In eleven dimensions the fields at level zero one and two are the metric (ha
b), the
three form (Aa1a2a3) and the six form (Aa1...a6) respectively, at level three we find the dual
graviton (ha1...a8,b) and at level four we have the fields [9]
Aa1...a9,b1b2b3 , Aa1...a10,b1b2 , Aa1...a11,b (1.1)
In this equation the indices in a given block are antisymmetric except for the second block
for the field Aa1...a10,b1b2 which is symmetric, that is, Aa1...a10,b1b2 = Aa1...a10,(b1b2). The
fields also obey the usual SL(11) irreducibility conditions, that is, A[a1...a9,b1]b2b3 = 0 and
A[a1...a10,b1]b2 = 0. It is very well known that the six form Aa1...a6 is an alternative way
of describing the degrees of freedom of the three form Aa1a2a3 and one can write down
a duality equation that relates the two field strengths. In a similar way it had been
conjectured that the first field in equation (1.1), that is Aa1...a9,b1b2b3 , is also an alternative
way of describing the degrees of freedom usually encoded in the three form field [10]. Indeed
at even higher level of E11 one finds fields which possess three antisymmetrised indices
as well as arbitrary numbers of blocks of nine antisymmetrised indices, that is, fields of
the form Aa1...a9,b1...b9,...,c1c2c3 as well as similar fields but with the three antisymmetrised
indices replaced by six indices, that is Aa1...a9,b1...b9,...,c1...c6 [10]. Motivated by the presence
of these fields duality equations that are first order in derivatives and which relate the field
Aa1a2a3 to the field Aa1...a9,b1b2b3 , as well as similar equations for the higher level fields,
were derived in reference [11] using just the knowledge of the irreducible representations of
the Poincare group. The second field in equation (1.1) has been conjectured to lead, when
dimensionally reduced, to the Romans theory [12] in the context of the ten dimensional IIA
supergravity [13]. In particular the field Aa1...a911,(1111) is the desired nine form that leads
to a cosmological constant. It will turn out that the third field in equation (1.1) does not
enter the dynamics when it is restricted to contain only the usual spacetime derivatives.
In this paper we will derive the dynamical equations in eleven dimensions of the E11
non-linear realisation up to and including the above level four fields. We will do this at
the linearised level. The results can be summarised in the table one below.
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Table 1. The E11 variations of the duality relations and equations of motion
E(1)a1a2a3a4 = 0 ⇔ E
(1)
a
b1b2=˙0 ⇔ E(1)a1...a10,b1b2b3=˙0, E
(1)
a1...a11,b1b2=˙0
⇓ ⇓ ⇓
E(2)a1a2a3 = 0 E
(2)
a
b = 0 E(2)a1...a9,b1b2b3 = 0
⇔ ⇔
E(2)a1...a6 = 0 E
(2)
a1...a8,b = 0 E
(2)
a1...a11,b1b2,c=˙0
⇓
E(3)a1...a11,b1b2,c1c2 = 0
The different sections of the paper consist of carrying out the steps shown in the
above table. The top row consists of duality relations which contain only one space time
derivative. The numerical superscript on the symbol E indicates the number of spacetime
derivatives. The first equation in the top row is the familiar, and previously derived for
E11 [14,8], duality relation E
(1)
a1...a4 = 0 between the three form, Aa1a2a3 and six form
Aa1...a6 fields. Its E11 variation represented by⇔ leads to the duality relation E
(1)
a
b1b2=˙0
between the usual gravity field hab and the dual gravity field ha1...a8,b. The E11 variation of
this last duality relation leads to two relations E(1)a1...a10,b1b2b3=˙0 and E
(1)
a1...a11,b1b2=˙0.
The first of these gives a duality relation between the field Aa1...a9,b1b2b3 and the three from
Aa1a2a3 while the second, unlike the others, just involves the one field Aa1...a10,b1b2 .
From each of the equations just mentioned, which are first order in derivatives, one
can deduce equations of motion that are second order in derivatives which are indicated
by the ⇓ arrow and occur in the second row of the table below. From the E(1)a1...a4 = 0
duality relation we deduce the usual field equations for the three forms and six form, that
is, E(2)a1a2a3 = 0 and E(2)a1...a6 = 0. From the gravity- dual gravity duality relation
E(1)a
b1b2=˙0 we find the linearised Einstein equation, that is, E(2)a
b = 0 and the equation
of motion for the dual graviton, that is, E(2)a1...a8,b = 0. While from the duality relation
E(1)a1...a10,b1b2b3=˙0 one can deduce the relation E
(2)
a1...a10,b1b2b3b4 = 0 which is second
order in derivatives and relates the field strength for the field Aa1...a9,b1b2b3 to the derivatives
of the field strength for the three form Aa1a2a3 . Taking the trace we find the object
E(2)a1...a9,b1b2b3 ≡ E
(2)
ca1...a9,cb1b2b3 = 0 which appears in the table as it is this object
that one finds in the E11 variation of E
(2)
a1...a8,b. In fact upon taking three more traces
one eliminates the three form Aa1a2a3 to find the correct equation of motion for the field
Aa1...a9,b1b2b3 although this step is not shown in the table.
The use of the symbol =˙ means that the equation holds modulo certain transforma-
tions which are specified later in the paper. However, we note that if one takes sufficient
3
derivatives, in an appropriate way, of the equations that hold modulo certain transforma-
tions one finds equations that hold in the usual sense. Thus E11 gives rise to a web of
equations which include the usual equations of motion we are familiar with.
We also carry out the E11 variations of the second order equations of motion as
indicated by the ⇔ in the second and third rows of the table. As displayed one finds that
the equations of motion vary into each other.
By taking derivatives of the equation E(1)a1...a11,b1b2 for the field Aa1...a10,b1b2 , which
is first order in derivatives one finds the equation E(2)a1...a11,b1b2,c=˙0 which also only holds
modulo certain transformations. As indicated in the table one can take one more derivative
to find the equation E(3)a1...a11,b1b2,c1c2 = 0 in the fourth row which holds exactly. The
E11 variation of this last equation results in the previous equations, although this fact is
not shown in the table,
2. The construction of the non-linear realisation
The construction of the non-linear realisation starts from the group element g ∈
E11 ⊗S l1 which is subject to the transformations g → g0gh where g0 ∈ E11 ⊗S l1 is a
rigid transformation and h ∈ Ic(E11) is a local transformation. This leads to a field theory
equipped with equations of motion that are invariant under the E11 symmetries of the
non-linear realisation. Discussions of how this works can be found in many E11 papers,
see for example [1,14] and the review [15].
We can write the group element g in the form g = glgE and parmeterise it as follows
gE = . . . e
Rc1...c11,bAc1...c11,beR
c1...c10,b1b2Ac1...c10,b1b2 eR
c1...c9,b1b2b3Ac1...c9,b1b2b3
×eha1...a8,bR
a1...a8,b
eAa1...a6R
a1...a6
eAa1a2a3R
a1a2a3
eha
bKab ≡ eAαR
α
(2.1)
and
gl = e
xaPaexabZ
ab
exa1...a5Z
a1...a5
. . . = ez
AlA (2.2)
In these equations Rα are the generators of E11 and lA the generators in the l1 represen-
tation. The group element gE contains the fields Aα and it extends the previous formu-
lations [14] to include the level four generators and fields. The blocks of indices on the
generators are totally antisymmetrised except for the generator Rc1...c9,b1b2 which obeys
Rc1...c9,b1b2 = Rc1...c9,(b1b2). They all obey the constraints corresponding to irreducible
representation of SL(11), in particular
R[c1...c8,b] = 0 = R[c1...c9,b1]b2b3 = R[c1...c10,b1]b2 (2.3)
The group element gl is parameterised by the z
A upon which the fields depend and so are
the coordinates of the spacetime.
To construct the dynamics we will use the Cartan forms which are defined by
V = g−1dg = VE + Vl, (2.4)
where
VE = g
−1
E dgE ≡ dz
ΠGΠ,αR
α, and Vl = g
−1
E (g
−1
l dgl)gE = g
−1
E dz · lgE ≡ dz
ΠEΠ
AlA (2.5)
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The Cartan form VE belongs to the E11 algebra and they can be expressed as
VE = Ga
bKab +Gc1...c3R
c1...c3 +Gc1...c6R
c1...c6 +Gc1...c8,bR
c1...c8,b
+Gc1...c9,b1b2b3R
c1...c9,b1b2b3 +Gc1...c10,b1b2R
c1...c10,b1b2 +Gc1...c11,bR
c11...c11,b + . . . (2.6)
The Cartan form Vl is in the space of generators of the l1 representation and one can
recognise EΠ
A = (eAαD
α
)Π
A as the vielbein on the generalised space time.
In this paper we will work at the linearised level, that is to first order in the fields. In
this approximation the Cartan forms are given by [14]
Ga,b
c = ∂ahb
c, Ga1,a2a3a4 = ∂a1Aa2a3a4 , Ga1,...a7 = ∂a1Aa2...a7 , Ga1,a2...a9,c = ∂a1ha2...a9,c,
Ga1, a2...a10,b1b2b3 = ∂a1Aa2...a10,b1b2b3 , Ga1, a2...a11,b1b2 = ∂a1Aa2...a11,b1b2
Ga1, a2...a12,b = ∂a1Aa2...a12,b (2.7)
The Cartan forms, when viewed as forms, are inert under the rigid transformations
but transform under the local h transformations. At level zero the Ic(E11) transformations
of Ic(E11) are just the local Lorentz SO(11) transformations that act in the usual way. At
the next level the Ic(E11) transforms involves the E11 generators at levels ±1 and are of
the form
h = 1− Λa1a2a3S
a1a2a3 , where Sa1a2a3 = Ra1a2a3 − ηa1b1ηa2b2 ηa3b3Rb1b2b3 (2.8)
Under these transformations the Cartan forms of equation (2.6) change as
δ VE = [S
a1a2a3 Λa1a2a3 ,VE ]− S
a1a2a3 dΛa1a2a3 . (2.9)
The explicit forms of these transformations are given by [14]
δGa
b = 18Λc1c2bGc1c2a − 2δ
b
aΛ
c1c2c3Gc1c2c3 , (2.10)
δGa1a2a3 = −
5!
2
Gb1b2b3a1a2a3Λ
b1b2b3 − 6G(c[a1|)Λc|a2a3] (2.11)
δGa1...a6 = 2Λ[a1a2a3Ga4a5a6] − 8.7.2Gb1b2b3[a1...a5,a6]Λ
b1b2b3 + 8.7.2Gb1b2a1...a5a6,b3Λ
b1b2b3
= 2Λ[a1a2a3Ga4a5a6] − 8.7.6Gb1b2b3[a1...a5,a6]Λ
b1b2b3 (2.12)
δ Ga1...a8, b = − 2G[a1...a6 Λa7a8]b − 2G[a1...a5|b| Λa6a7a8]
− 440
(
Ga1...a8e1, e2e3b +G[a1...a7|be1, e2e3|a8]
)
Λe1e2e3
− 120
(
Ga1...a8e1e2, e3b +G[a1...a7|be1e2, e3|a8]
)
Λe1e2e3
− 110
(
Ga1...a8e1e2e3, b +G[a1...a7|be1e2e3, |a8]
)
Λe1e2e3 . (2.13)
This last result extends those given in reference [8] by the addition of the level four fields.
The extension of the E11 algebra to include the level four commutators required to derive
these additional results are given in appendix A.
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As we have mentioned the above transformations apply when the Cartan forms are
written as forms, that is, when written in the form Gα where Gα ≡ dz
ΠGΠ,α and GΠ,α are
the components. However, the coordinates do transform under the rigid g0 transformations
and so therefore do the GΠ,α on their Π index. As a result we will use the object GA,α =
(E−1)A
ΠGΠ,α which is inert under the rigid E11 transformations, but transforms under
the local Ic(E11) transformations on all its indices. One finds that these Cartan forms,
when referred to the tangent space, transform on their first index as [14]
δGa,• = −3G
b1b2
,• Λb1b2a, δG
a1a2
,• = 6Λ
a1a2bGb,• (2.14)
These transformations are to be combined with the local transformations on the second
E11 index given earlier in this section.
The equations of motion are the set of equations that are invariant under the trans-
formations of equations (2.10-2.13). To make progress we will work up to a given level in
the coordinates and the fields. In this paper we will work up to and including the level
four fields. However we will only work up to and including level one in the coordinates.
When varying a given equation of motion we work so as to be sure to include all terms
in the resulting equation of motion that contain derivatives with respect to the level
zero coordinates, that is, the usual coordinates of space time xµ. In other words we do not
include the terms with derivatives with respect to level one coordinates in the equations
resulting from the variation. Examining equation (2.14) we realise that in order to do
this we must include all terms in the equation of motion we are varying that con-
tain derivatives with respect to the level zero and one coordinates. As this is an important
point we spell out the procedure in detail. We start with an equation of motion, generically
denoted E(n), that only contains n derivatives with respect to level zero coordinates and
we vary it to find a new equation of motion that also contains only level zero coordinates,
however, in carrying out this step we find the terms in the original equation of motion
that contain derivatives with respect to the level one coordinates, we generically denoted
the result by E (n). In other words in this two step process we will first find E(n) and then
E (n). Of course, it would be better to carry out the variation more fully and in one step
but given the level of complexity we leave this to the future. We will not write out + . . .
in the equations of motion we will derive but take this to be understood in the sense just
given.
3. The three-six form duality relation
In our previous papers we have derived from the non-linear realisation the unique
E11 invariant equation that is first order in derivatives and contains the fields Aa1a2a3 and
Aa1...a6 , it was found to be given by [14,8]
E(1)a1...a4 ≡ G[a1,a2a3a4] −
1
2.4!
ǫa1a2a3a4
b1...b7Gb1,b2...b7 = 0 (3.1)
As explained at the end of section two at this stage we neglect any terms that contain
derivatives with respect to level one coordinates.
From equation (3.1) we can take two projections which result in equations that are
second order in derivatives and contain only one field. These equations are given, at the
linearised level, by
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E(2)a1a2a3 ≡ ∂bE
(1)[b,a1a2a3] = ∂bG
[b,a1a2a3] = 0 (3.2)
and
E(2)a1...a6 ≡
2
7!
∂bǫ
ba1...a6c1...c4E(1)c1...c4 = ∂bG
[b,a1...a6] = 0 (3.3)
These are of course the well known equations of motion for the three and six form fields.
We will now vary these, two second order in derivatives, equations under the Ic(E11)
transformations of equations (2.10-2.13) beginning with equation (3.2) to find that
δE (2)a1a2a3 =
3
2
E(2)b
[a1|Λb|a2a3] −
1
24
ǫa1a2a3νλ1...λ4b1b2b3∂νE
(1)
λ1...λ4Λb1b2b3
=
3
2
E(2)b
[a1|Λb|a2a3] + 3.5.7E(2)a1a2a3b1b2b3Λb1b2b3 (3.4)
where
E (2)a1a2a3 = E(2)a1a2a3 +
1
4
∂bG
[a1a2 ,[|b|a3]] +
15
2
∂bG
d1d2
,d1d2
ba1a2a3 +
1
2
∂[a1 Ge
a2,(a3]e)
+
1
4
∂bG
[a1a2 ,a3]b −
1
4
∂[a1Ga2a3],d
d, (3.5)
E(2)a
b ≡ Ra
b = ∂aωc,
bc − ∂cωa,
bc , (3.6)
and
ωc,ab = −Ga,(bc) +Gb,(ac) +Gc,[ab] = −∂ah(bc) + ∂bh(ac) + ∂ch[ab] (3.7)
which is the familiar expression for the spin connection; in the first and second equations
we give the non-linear and linearized expressions respectively. Thus varying the three form
equation of motion (3.2) we find the six form equation of motion as well as a new equation
E(2)a
b = 0 which is just the linearised Einstein equation.
In line with the strategy spelt out at the end of section two we begin with the equations
of motion (for example E(2)a1a2a3) which contains only derivatives with respect to the
level zero coordinates, that is, the usual coordinates of space time but we find the terms
containing derivatives with respect to level one coordinates when we vary them (for example
E (2)a1a2a3). The full non-linear versions of equations (3.2), (3.4), (3.5) and (3.6) can be
found in reference [7,8].
The variation of the six form equation of motion (3.3) under the Ic(E11) transforma-
tions of equation (2.10-2.13) is given by
δE (2)a1...a6 =
8
7
Λ[a1a2a3E
(2)
a4a5a6] − 27.64E
(2)
a1...a6c1c2,c3Λ
c1c2c3 (3.8)
where
E (2)a1...a6 = E
(2)a1...a6 − 8∂dGc1c2 ,da1...a6c1,c2 − 36∂[d|G
c1c2
,|a1...a6c1c2],
d
7
+
1
7
∂[a1Ga2a3,a4a5a6] (3.9)
and
E(2)a1...a8,
b ≡ −
1
4
∂[dG[d, a1...a8],
b] (3.10)
Thus varying the six form equation of motion (3.3) we find the three form equation of
motion as well as a new equation of motion, that is, E(2)a1...a8,
b = 0. This equation of
motion for the field Aa1...a8,b does correctly describe gravity at the linearised level. One can
verify, see appendix B, that this equation of motion belongs to an irreducible representation
of SL(11) which is consistent with the fact that E11 only contains the field Aa1...a8,b which
has the same SL(11) irreducibility conditions.
Hence we have started from the three-six form duality relation of equation (3.1) and
derived the two equations which are second order in derivatives, that is, equations (3.2) and
(3.3). We have then varied these two equations under the local Ic(E11) transformations to
find the equations of motion
E(2)ab = 0 = E
(2)
a1...a8,
b (3.11)
These are the linearised equations of motion for gravity expressed in the standard way
using the usual metric and also expressed using the dual graviton field. We note that we
do not have two physical gravitons as we will find in the next section that these two fields
obey a first order duality relation.
4. The gravity-dual gravity duality relation
We now consider the E11 variation of the three-six form duality relation of equation
(3.1). We will find a new duality relation that relates the usual field of gravity to the
dual gravity field. We will then follow the same pattern as in the previous section; we
will project this new duality relation in two ways to find equations which are second order
in derivatives, but only contain one field, and then we will compute the E11 variations of
these latter equations.
Under the Ic(E11) transformations of equations (2.10-2.13) one finds that
δE (1)a1...a4 =
1
4!
ǫa1...a4
b1...b7Λb1b2b3E
(1)
b4...b7 + 3ωc,[a1a2Λ
c
a3a4]
−
7
2
ǫa1a2a3a4
b1...b7Gb1,b2...b7c1c2,c3Λ
c1c2c3 −
7
2
ǫa1a2a3a4
b1...b7Gc1,c2c3b1b2...b6,b7Λ
c1c2c3 (4.1)
where
E (1)a1...a4 ≡ Ga1a2a3a4 −
1
2.4!
ǫa1a2a3a4
b1...b7Gb1b2...b6,b7 +
1
2
G[a1a2 ,a3a4] (4.2)
Ga1a2a3a4 ≡ G[a1,a2a3a4] +
15
2
Gb1b2 ,b1b2a1...a4 (4.3)
Ga1a2...a7 ≡ Ga1,a2...a7 + 28G
e1e2
,e1e2[b1...,b7] (4.4)
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By substituting ωλ, µ1µ2 for E
(1)
λ, µ1µ2 one can show that equation (4.1) can be written
as
δE (1)a1...a4 =
1
4!
ǫa1...a4
b1...b7Λb1b2b3E
(1)
b4...b7 + 3E
(1)
c,[a1a2Λ
c
a3a4] (4.5)
where
E(1)λ, µ1µ2 ≡ ωλ, µ1µ2 −
1
4
εµ1µ2
ν1...ν9 Gν1, ν2...ν9, λ (4.6)
This non-trivial calculation is best carried out by first deducing the consequence of
equation (4.1) by extracting Λc1c2c3 , taking a double trace and using the fact that the
variation of the first duality relation must vanish (δE (1)a1...a4 = 0), we find that
E(1)λ,
µ1µ2 −
4
7
E(1)ρ,
ρ[µ1δ
µ2]
λ =˙0 (4.7)
In carrying out this step we have used the identity
3X[a1a2
[c1δ
c2c3]
a3a4]
δa3c2 δ
a4
c3
=
14
3
Xa1a2
c1 −
8
3
Xd[a1
dδc1
a2]
(4.8)
for any tensor Xa1a2
c which obeys Xa1a2
c = X[a1a2]
c. As a result we conclude that
E(1)λ, µ1µ2 ≡ ωλ, µ1µ2 −
1
4
εµ1µ2
ν1...ν9 Gν1, ν2...ν9, λ=˙0 (4.9)
The use of the symbol =˙ will be discussed shortly
Clearly, equation (4.9) is a necessary condition for δE (1)a1...a4to vanish but looking
at equation (4.5) we see that it is also a sufficient condition. That equation (4.1) can be
rewritten in the form of equation (4.5) requires a remarkable set of cancellations. Given
that the equations we are deriving follow from the properties of the E11 Dynkin diagram
these cancellations illustrate the magical way E11 leads to the correct dynamical equations.
Equation (4.9) is a duality relation between the usual gravity field and the dual gravity
field. This relation was first proposed in reference [1] but it was found in the E11 context
in reference [14]. However, there are a number of subtle, but important, features on how
it should be interpreted. We recall that the local Lorentz transformations were not used
to fixed our choice of group element of equation (2.1-2.2) and as such they are still an
explicit symmetry. These transform the spin connection in the above equation by the
inhomogeneous term, δωλ, µ1µ2 = ∂λΛµ1µ2 + . . . where + . . . indicate the homogeneous
terms. As a result equation (4.9) is not invariant under local Lorentz transformations and
we should consider it as being valid only modulo local Lorentz transformations. In other
words it is subject to the equivalence relation
E(1)λ, µ1µ2 ∼ E
(1)
λ, µ1µ2 + ∂λΛµ1µ2 + . . . (4.10)
where + . . . indicate the homogeneous Lorentz transformations of E(1)λ, µ1µ2 . This strategy
was already advocated in reference [16]. The use of the symbol =˙ implies that the equation
only holds modulo the local transformations as just discussed.
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In fact if one carries out the variation of E(1)a1a2a3a4 one finds not ωλ, µ1µ2 but the
combination ωλ, µ1µ2 − Gλ, [µ1µ2] provided one does not include the the last term in the
definition of E (1)a1a2a3a4 given in equation (4.2). On could choose not to include this term
and then equation (4.9) would not hold modulo local Lorentz transformations. that is, it
would hold exactly. However,if the coefficients are not precisely as above one finds, carrying
out the calculations later in this paper, that the duality relations do not close to form an
E11 invariant set of equations of motion. A closely related point is that equation (4.5)
holds exactly but it contains E(1)c,[a1a2 which holds modulo the above transformations.
However, precisely such a transformation is generated in this variation by the last term in
equation (4.2) using equation (2.14).
As with the previous three-six form duality relation, we can derive from equation
(4.9) two second order equations that each contain only one field. However, now we must
do this in such a way as to find equations that are invariant under the local Lorentz
transformations. The equation that contains the usual graviton is found by taking the
projection θ1
E(2)λ
µ = (θ1E
(1))λ
µ ≡ ∂νE
(1)
λ,
νµ − ∂λE
(1)
ν,
νµ = ∂νωλ,
νµ − ∂λων,
νµ = Rλ
µ = 0 (4.11)
where Rλ
µ is the Ricci tensor. We note that the dual graviton has dropped out and it is
straightforward to show that equation (4.11) is invariant under the local Lorentz transfor-
mations. We recall that we have already encountered the symbol E(2)λ
µ in equation (3.6).
Thus from the gravity-dual gravity relation of equation (4.9) we have derive Einstein’s
equation at the linearised level along the lines given in reference [16].
We now carry out another projection that is also invariant under the local Lorentz
transformations, namely
E(2)ν1...ν8,
λ = (θ2E
(1))ν1...ν8,
λ ≡ −
1
2.9!
ǫν1...ν8τµ1µ2∂
[τE(1)λ],µ1µ2
= −
1
4
∂[τ G[τ, ν1...ν8],
λ] = 0 (4.12)
The reader can verify that the usual gravity field drops out and one is left with the
same second order equation of motion for the dual graviton that we encountered earlier
in equation (3.11). That we recover our previous equations is to be expected as before,
in section three, we projected the three-six form equation (3.10), that is E(1)a1...a4 to find
second order equations which we then varied under E11 transformation to find the higher
level the second order equations (3.11), while in this section we have carried out the E11
transformation of the three-six form equation E(1)a1...a4 and then projected to find the
same two equations, (4.11) and (4.12).
We will now consider the Ic(E11) variation of these last two equations. In fact the full
non-linear variation of E(2)ab was found in reference [8] and for completeness we record
the linearised result here
δE (2)ab = −36Λ
d1d2
aE
(2)
bd1d2 − 36Λ
d1d2
bE
(2)
ad1d2 + 8ηabE
(2)
d1d2d3Λ
d1d2d3 (4.13)
10
where
E (2)ab = Rab − 6∂[bG
d1d2
,ad1d2] , (4.14)
Rab = ∂aΩc,b
c − ∂cΩa,b
c (4.15)
and
Ωc,ab ≡ ωc,ab − 3G
dc
,dab − 3G
d
b,dac + 3G
d
a,dbc − ηbcG
d1d2
,d1d2a + ηacG
d1d2
,d1d2b (4.16)
To find this result one can use that
δΩc,ab = −18.2Λ
d1d2
cG[a,bd1d2] − 18.2Λ
d1d2
bG[a,cd1d2] − 18.2Λ
d1d2
aG[c,bd1d2]
+8ηbcΛ
d1d2d3G[a,d1d2d3] − 8ηacΛ
d1d2d3G[b,d1d2d3] (4.17)
The full non-linear versions of equations (4.13-17) can be found in reference [8].
We will now carry out the variation of the equation of motion (4.12) for the field
Aa1...a8,b, which is second order in the derivatives, under the Ic(E11) transformations of
equation (2.10-2.13). Our strategy for carrying the variation was spelt out at the end of
section two and in the above discussions we have implemented it automatically by writing
down the varied equation including its contributions that involve the level one coordinates.
However, here we will carry out the derivation in two steps so that the reader can see how
it works in detail. After quite some effort we find that
δE(2) ρ1...ρ8, λ = δ
(
−
1
4
∂[ν G[ν, ρ1...ρ8], λ]
)
= −
7
4
E(2)τ [ρ1...ρ5 Λρ6ρ7
τηρ8]λ
+275
(
Eˆ(2)νρ1...ρ8σ1, νσ2σ3λ −
1
9
Eˆ(2)νρ1...ρ8λ, νσ1σ2σ3
)
Λσ1σ2σ3
+
165
8
(
∂ν G[ν, ρ1...ρ8σ1σ2], σ3λ − ∂λG[ν, ρ1...ρ8σ1σ2], σ3ν −
2
9
∂σ1 G[σ2, ρ1...ρ8λν], σ3ν
)
Λσ1σ2σ3
+
7
12
∂σ1 G[σ2,[ρ1...ρ6] δρ7,|λ|Λρ8]
σ1σ2
−
55
8
(
20 ∂σ1 G[ν, ρ1...ρ8σ2], σ3λν +
10
3
∂σ1 G[ν, ρ1...ρ8λ], σ2σ3ν
+ ∂σ1 Gλ, ρ1...ρ8ν, σ2σ3ν − ∂σ1 Gν, νρ1...ρ8, σ2σ3λ
)
Λσ1σ2σ3
+
15
4
(
∂σ1 Gν, νσ2ρ1...ρ8, σ3λ +
1
9
∂σ1 Gν, σ2ρ1...ρ8λ, σ3ν
)
Λσ1σ2σ3
−
10
3
(
∂σ1 G[ρ1, ρ2...ρ8]λσ2ν, σ3ν − ∂σ1 Gλ, ρ1...ρ8σ2ν, σ3ν
)
Λσ1σ2σ3
+
55
12
(
∂σ1 Gν, σ2σ3νρ1...ρ8, λ − ∂σ1 Gν, σ2σ3νλ[ρ1...ρ7, ρ8]
11
+
1
8
∂σ1 Gν, σ2σ3λρ1...ρ8, ν −
9
8
∂σ1 Gλ, σ2σ3ρ1...ρ8ν, ν
)
Λσ1σ2σ3 . (4.18)
To define the other objects that appear in the above equation we first define
E(2)ρ1...ρ10, σ1...σ4 ≡ ∂[σ1 G[ρ1, ρ2...ρ10], σ2σ3σ4] −
36
5 · 11!
ερ1...ρ10
λ ∂λG[σ1, σ2σ3σ4], (4.19)
and then consider the quantity
Eˆ(2)ρ1...ρ10,
σ1...σ4 ≡ E(2)ρ1...ρ10,
σ1...σ4 +
36
5 · 11!
ερ1...ρ10
λ ∂λE
(1)σ1...σ4
= ∂[σ1 G[ρ1, ρ2...ρ10],
σ2σ3σ4] +
3
55
∂ν G[ρ1, ρ2...ρ7 δ
σ1 . . . σ4
ρ8ρ9ρ10]ν
+
21
220
∂ν G[ν, [ρ1...ρ6] δ
σ1...σ4
ρ7...ρ10]
,
(4.20)
The effect of the second term in the middle equation is to eliminate the Cartan form for
the field Aa1a2a3 and replace it by terms for the Cartan form for Aa1...a6 .
Using equation (2.14) we can cancel all the terms of the generic form Ga,•Λ
abc . . . by
adding −1
6
Gbc,• . . . and as a result we can write the equation (4.18) in the form
δE (2) ρ1...ρ8, λ = −
7
4
E(2)σ[ρ1...ρ5 Λ
σ
ρ6ρ7ηρ8]λ
+275
(
Eˆ(2)νρ1...ρ8σ1, νσ2σ3λ −
1
9
Eˆ(2)νρ1...ρ8λ, νσ1σ2σ3
)
Λσ1σ2σ3
+
165
8
(
∂ν G[ν, ρ1...ρ8σ1σ2], σ3λ − ∂λG[ν, ρ1...ρ8σ1σ2], σ3ν −
2
9
∂σ1 G[σ2, ρ1...ρ8λν], σ3ν
)
Λσ1σ2σ3
(4.21)
where
E (2) ρ1...ρ8, λ = E
(2)
ρ1...ρ8, λ −
7
6.12
∂[σ|G
σ
[ρ1,|ρ2...ρ7] ηρ8]λ
−
55
48
(
20 ∂[ν|G
σ2σ3
,| ρ1...ρ8σ2], σ3λ
ν +
10
3
∂[ν|G
σ2σ3
, |ρ1...ρ8λ], σ2σ3
ν
+ ∂λG
σ2σ3
, ρ1...ρ8ν, σ2σ3
ν − ∂ν Gσ2σ3 , νρ1...ρ8, σ2σ3λ
)
+
5
8
(
∂ν Gσ2σ3 , νσ2ρ1...ρ8, σ3λ +
1
9
∂ν Gσ2σ3 , σ2ρ1...ρ8λ, σ3ν
)
−
10
3.6
(
∂[ρ1|G
σ2σ3
, |ρ2...ρ8]λσ2ν, σ3
ν − ∂λG
σ2σ3
, ρ1...ρ8σ2ν, σ3
ν
)
+
55
72
(
∂ν Gσ2σ3 , σ2σ3νρ1...ρ8, λ − ∂
ν Gσ2σ3 , σ2σ3νλ[ρ1...ρ7, ρ8]
+
1
8
∂ν Gσ2σ3 , σ2σ3λρ1...ρ8, ν −
9
8
∂λG
σ2σ3
, σ2σ3ρ1...ρ8ν,
ν
)
. (4.22)
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The reader may notice that the last term of equation (4.21) could also be removed in
the same way. However, we must keep this term as it ensures that the right-hand side of
the equation possess the same SL(11) irreducibility properties as the left-hand side.
Since E (2) ρ1...ρ8, λ = 0 we conclude that the right-hand side of equation (4.20) vanishes
and extracting off Λσ1σ2σ3 , using the previously derived equations of motion E(2)σ1...σ6 = 0,
we find the equations
E(2)ρ1...ρ9,
σ1σ2σ3 ≡ E(2)νρ1...ρ9,
νσ1σ2σ3
= ∂[ν G[ν, ρ1...ρ9],
σ1σ2σ3] −
36
5 · 11!
ερ1...ρ9λ1λ2 ∂
λ1 G[λ2, σ1σ2σ3] = 0 (4.23)
and
E(2)ν1ν2...ν11,κτ,ρ ≡ ∂τG[ν1,ν2...ν11],ρκ − ∂κG[ν1,ν2...ν11],ρτ =˙0. (4.24)
The appearance of the symbol =˙ in this equation is the subject of section six where this
last equation for the field Aa1...a10,b1b2 is analysed. We note that
Eˆ(2)ρ1...ρ9,
σ1σ2σ3 ≡ E(2)ρ1...ρ9,
σ1σ2σ3 +
36
5 · 11!
ερ1...ρ9λ1λ2 ∂
λ1 E(1)[λ2, σ1σ2σ3] (4.25)
and so Eˆ(2)ρ1...ρ9,
σ1σ2σ3 = E(2)ρ1...ρ9,
σ1σ2σ3 when we use the three-six form duality equa-
tion.
Equations (4.23) and (4.24) are the necessary and sufficient conditions for the right
hand side of equation (4.21) to vanish as it can be rewritten as
δE (2) ρ1...ρ8, λ = −
7
4
E(2)σ[ρ1...ρ5 Λ
σ
ρ6ρ7ηρ8]λ
+275
(
Eˆ(2)ρ1...ρ8σ1, σ2σ3λ −
1
9
Eˆ(2)ρ1...ρ8λ, σ1σ2σ3
)
Λσ1σ2σ3
+
165
8
(
E(2)νρ1...ρ8σ1σ2,νλ,σ3 −
1
9
E(2)σ2ρ1...ρ8λν,σ1σ3,ν
)
Λσ1σ2σ3 (4.26)
We now discuss the equations of motion of equation (4.23) for the level four field
Aa1...a9,b1b2b3 that appear in the dynamics. We note that equation (4.23) is unlike the
previous equations of motion that were second order in derivatives that we have found in
that it involves two fields rather than a single field. However, as we will comment on later
in the paper, in contrast to the duality relations that are first order in derivatives this
equation is gauge invariant. In order to eliminate the field Aa1a2a3 in equation (4.23) we
must take the triple trace to find the equation
E(2)ρ1...ρ6ν1...ν4,
ν1...ν4 = ∂[ν1G[ρ1,..ρ6ν1...ν4],
ν2...ν4] = 0 (4.27)
This is indeed the correct equation of motion for the Aa1...a9,b1b2b3 to describe the same
degrees of freedom which are usually encoded in the three form [11].
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We note that there is no equation of motion for the field Aa1...a11,b as the terms that
involve this field can be removed by adding terms to E (2) ρ1...ρ8, λ as we have indeed done
by adding the last terms in equation (4.22).
5. Variation of the gravity-dual gravity relation
In the last section we carried out the Ic(E11) variation of the three-six form duality
relation of equation (3.1) to find the gravity-dual gravity duality relation of equation (4.9).
In this section we will carry out the Ic(E11) variation of this gravity-dual gravity relation
of equation (4.9) to find a new duality relation. Following our strategy, as outlined at the
end of section two, we find that
δE (1)λ, µ1µ2 =
7
12
εµ1µ2
ν1...ν6σ1σ2σ3 E(1)λν1...ν6 Λσ1σ2σ3 +
1
2
εµ1µ2
ν1...ν7σ1σ2 E(1)ν1...ν7 Λσ1σ2λ
+
55
2
Λσ1σ2[µ1ǫµ2]
ν1...ν10E(1)ν1...ν10,λ
σ1σ2 −
55
18
Λσ1σ2σ3ηλ[µ1ǫµ2]
ν1...ν10E(1)ν1...ν10,σ1σ2σ3
+
3
4
Λµ1µ2
σ ερ1...ρ11 Gρ1, ρ2...ρ11,σλ + ∂λΛ˜µ1µ2 (5.1)
where
E (1)λ, µ1µ2 = Ωλ, µ1µ2 −
1
4
εµ1µ2
ν1...ν9 Gν1, ν2...ν9, λ
− εµ1µ2
ν1...ν9
[
55
3
(
1
9
Gσ1σ2 ,ν1...ν9, σ1σ2λ +
1
8
Gσ1σ2 ,ν1...ν8λ, σ1σ1ν9
)
+10
(
1
9
Gσ1σ2 ,ν1...ν9σ1, σ2λ +
1
8
Gσ1σ2 ,ν1...ν8λσ1, σ2ν9
)
+
55
4
(
1
9
Gσ1σ2 ,σ1σ2ν1...ν9, λ +
1
8
Gσ1σ2 ,σ1σ2λν1..., ν9
)]
, (5.2)
E(1)µ1...µ10,σ1σ2σ3 ≡ G[µ1,...µ10],σ1σ2σ3 −
1
5.5.11.7!
ǫµ1...µ10
τG[τ,σ1σ2σ3] (5.3)
E(1)σ1...σ7 ≡
2
7!
ǫσ1...σ7
ρ1...ρ4E(1)ρ1...ρ4 = G[σ1, ...σ7] +
2
7!
εσ1...σ7
ν1...ν4 Gν1, ν2ν3ν4 (5.4)
and
∂λΛ˜µ1µ2 = − εµ1µ2
ν1...ν9
[
1
12
Gλ, ν1...ν6 Λν7ν8ν9 +
55
36
Gλ, ν1...ν9, σ1σ2σ3Λ
σ1σ2σ3
+
15
4
Gλ, ν1...ν8σ1σ2, σ3ν9Λ
σ1σ2σ3 +
55
16
Gλ, σ1σ2σ3ν1..., ν9Λ
σ1σ2σ3
]
, (5.5)
It will be useful to introduce the quantity Eˆ(1)τ,σ1σ2σ3 using the equation
E(1)ν1ν2...ν10, σ1σ2σ3 = G[ν1, ν2...ν10], σ1σ2σ3 −
1
25.11.7!
ǫν1ν2...ν10
τG[τ,σ1σ2σ3]
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≡ −
1
25.11.7!
ǫν1ν2...ν10
τ Eˆ(1)τ,σ1σ2σ3
This object can also be expressed as
Eˆ(1)τ,σ1σ2σ3 ≡ G[τ,σ1σ2σ3] +
55
144
ετ
ν1...ν10 Gν1, ν2...ν10, σ1σ2σ3
=
55
144
ǫτ
ν1...ν10E(1)ν1,ν2...ν10,σ1σ2σ3 (5.6)
We now discuss the consequences that can be drawn from equation (5.1). As we have
previously derived the equation E(1)ν1...ν7 = 0, we can set the first two terms on the right-
hand side to zero. We recall from equation (4.10) that E (2)λ, µ1µ2 only vanishes modulo
local Lorentz transformations and so we must take this into account when we vary it, as
a result we can discard term in the variation that are of this form, that is the last term in
equation (5.1). The net result is that the right-hand side of equation (5.1) becomes
δE (2)λ, µ1µ2 =
55
2
Λσ1σ2[µ1ǫµ2]
ν1...ν10E(1)ν1...ν10,λ
σ1σ2
−
55
18
Λσ1σ2σ3ηλ[µ1ǫµ2]
ν1...ν10E(1)ν1...ν10,σ1σ2σ3 +
3
4
Λµ1µ2
σ ερ1...ρ11 Gρ1, ρ2...ρ11,σλ (5.7)
Extracting off the arbitrary Λσ1σ2σ3 and taking a double trace we conclude that
E(1)ν1...ν10,σ1σ2σ3=˙0 (5.8)
and
E(1)ρ1 ρ2...ρ11,σλ ≡ G[ρ1, ρ2...ρ11],σλ=˙0 (5.9)
These two equations only hold modulo certain transformations, hence the use of the symbol
=˙.
We have encountered four duality relations, the three-six form duality equation (3.1),
the gravity-dual gravity equation (4.9) and now equations (5.8) and (5.9). The first of
these held as an equation in the usual way, however, the gravity-dual gravity duality was
found to vanish only modulo local Lorentz transformations. From equations (3.1) and (4.9)
we have taken projections to find equations that are second order in derivatives the first
of which was the familiar equation of motion for the three form. Starting from this latter
equation of motion (3.2) and by taking repeated E11 variations we found the equations of
motion for the six form (3.3) and graviton (3.11), the dual graviton (3.11), equation (4.23)
for the field Aa1...a9,b1b2b3 . All these equations hold without any modulo considerations.
The status of equation (4.24) for the field Aa1...a10,b1b2 is the subject of section six. These
steps are summarised in table one in section one.
We will now discuss how to integrate the equations which are second order in deriva-
tives to find the duality relations that are first order in derivatives. In this way we will
find in which sense the duality relations hold. We begin with the very familiar equation of
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motion (3.2) for the three form, ∂νG
[ν,µ1µ2µ3] = 0 which, by defining the quantity, Fτ1...τ7
by
1
48
ǫν1...ν4
τ1...τ7Fτ1...τ7 ≡ G[ν1,...ν4] (5.10)
we can write in the form
∂νG
[ν,µ1µ2µ3] =
1
48
ǫνµ1µ2µ3τ1...τ7∂νFτ1...τ7 = 0 (5.11)
This equation implies that Fτ1τ2...τ7 = ∂[τ1Aτ2...τ7]. Substituting this result into equation
(5.10) we recover an equation that is first order in derivatives and is the three-six form
duality relation of equation (3.1). Indeed one can run a similar argument for the six form
equation of motion (3.3) to find the three form and the same duality relation. Of course we
identify the six form and three forms we find in this process with the fields we already have.
Although we have stripped off one derivative we do not find that the resulting equation
has any additional symmetries as the solution to equation (5.11) just involves the field
Aτ1...τ7 .
We can repeat this analysis for the graviton equation Rab = 0 and in the same way
one finds the gravity-dual gravity equation (4.9) which also involves the field Aa1...a8,b. A
result one can also find by integrating the equation of motion (4.12) for the field Aa1...a8,b.
However, in this case we find that the resulting duality relation only holds modulo local
Lorentz transformations.
Next we turn our attention to the field Aa1...a9,b1b2b3 whose equation of motion was
given in equation (4.27). However, this was a consequence of equation (4.23) which is a
relation between the fields strengths of the three form field and the Aa1...a9,b1b2b3 field.
One can integrate, in the above sense, either of these equations and find a duality relation,
namely the relation that E(1)µ1...µ10,σ1σ2σ3 vanishes. This was in effect carried out in
reference [11] and in particular in equations (3.2.7) onwards in this reference. It was found
that one arrives at the relation
E(1)µ1...µ10,
σ1σ2σ3
= G[µ1,...µ10],
σ1σ2σ3 −
1
5.5.11.7!
ǫµ1...µ10τG
[τ,σ1σ2σ3] + ∂[σ1∂[µ1Λ...µ10],
σ2σ3] (5.12)
In other words the relation is modulo the transformation with parameter Λµ1...µ10,
σ2σ3 .
We recognise this is precisely the duality relation of equation (5.8) but we now realise that
it holds only in the way just described. In reference [11] it is also explained how to start
with the equation of motion for the three form (3.2) and find the duality relation just
mentioned.
Although the above discussion on the transformations that the duality relations are
modulo has been derived entirely from an E11 viewpoint, it would be good to find a more
systematic and efficient derivation. As a step in this direction we now consider the matter
from a different viewpoint. We observe that the equations of motion which are second
order in derivatives that we have found for the three form, six form, graviton dual graviton
and the Aa1...a9,b1b2b3 field are invariant under the gauge transformations
δAa1a2a3 = ∂[a1Λa2a3], δAa1...a6 = ∂[a1Λa2...a6], δhab = ∂aξb + ∂bξa,
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δha1...a8,b = ∂[a1Λa2...a8],b + ∂bΛˆa1a2...a8 − ∂[a1Λˆa2...a8]b
δAa1...a9,b1b2b3 = 9∂[a1Λ
(1)
a2...a9],b1b2b3 + (∂[b1|Λ
(2)
a1a2...a9],|b2b3] +
9
7
∂[a1Λ
(2)
a2...a9][b1,b2b3])
(5.13)
The last transformation was given in reference [11] and the reader can verify that it leaves
the quantity of equation (4.19) invariant and so also equation (4.23). In fact these are the
expected gauge transformations for these fields and they are the gauge transformations
that were derived from the E11 viewpoint in reference [18].
Although the three-six form duality relation of equation (3.1) is gauge invariant, like
the second order field equations considered above, the other equations that are first order
in derivatives that we have derived are not. In particular the gravity-dual gravity relation
of equation (4.9) transforms under the above gauge transformations of equation (5.13) as
δE(1)λ, µν = ∂λ(−∂µξν + ∂νξµ −
1
4
ǫµν
τ1...τ9∂τ1Λˆτ2...τ9) (5.14)
which we recognise as a local Lorentz transformation. However, as this duality relation
only holds modulo local Lorentz transformations it is invariant but only once we take
these transformations into account. The same holds of the duality relation of equation
(5.8), carrying out the gauge transformation of equation (5.13) we find that it gives gives
precisely the terms which this equation holds modulo, as listed in equation (5.12). Hence
we expect all that the equations derived from E11 which are first order in derivatives,
with the exception of the three-six form duality relation, will only hold modulo certain
transformations and these transformations will be associated with gauge transformations.
We can also view things in the inverse way. Given the duality relations, including the
transformations that they hold modulo, we can derive the equations of motion as we did
for the fields in the gravity sector in section four. We note that from the duality equation
(5.8), or equivalently (5.12) we can derive an equation that is second order in derivatives
and is gauge invariant. The simplest equation one derives in this way is
E(2)ρ1...ρ10, σ1...σ4 ≡ ∂[σ1 G[ρ1, ρ2...ρ10], σ2σ3σ4] −
36
5 · 11!
ερ1...ρ10
λ ∂λG[σ1, σ2σ3σ4] = 0 (5.15)
in other words we find the quantity defined in equation (4.19). It is the single trace of
this that we previously found to be an equation of motion, that is, equation (4.23). From
equation (5.15) it is straightforward to derive the three form equation of motion (3.2) and
the equation of motion of equation (4.26) for the Aa1...a9,b1b2b3 .
6. The equation of motion for the field Aa1...a10,b1b2
In section four we carried out the E11 variation of the equation of motion for the dual
graviton field Aa1...a8,b and we found that the field Aa1...a10,b1b2 obeyed equation (4.24).
This equation has two derivatives. However, the field Aa1...a10,b1b2 has in effect three blocks
of antisymmetrised indices, the symmetrised pair count as two blocks, and so one would
normally expect its equation of motion to have three rather than two derivatives, that is,
one derivative for each block of indices. This raises the suspicion that equation (4.24) may
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only hold modulo certain transformations. We recall that the equations derived previously
that were first order in derivatives, generically denoted E(1), only held modulo certain
transformations. The one exception being of the very first one. However, apart from
the equation (4.24) for the field Aa1...a10,b1b2 all the equations which were second order in
derivatives, generically denoted E(2), and were derived from the E(1) equations and whose
E11 transformations lead to existing equations did hold exactly. We also noted that all
these equations were gauge invariant and did satisfy the rule that their equations of motion
had the same number of derivatives as the corresponding field had blocks of indices.
Certainly as we consider fields at higher and higher levels they will possess more and
more blocks of indices and it must be the case that their field equations, that is, the
equations that hold exactly, must have higher and higher number of derivatives. Hence
as we go to higher levels there must come a point at which the equations of second order
in derivatives only hold modulo certain transformations. To test which possibility holds
for equation (4.24) we can take its E11 variation and see how it varies into our previously
derived equations. If it varies into the previous equations without having to take account
of any modulo transformations then we can conclude that it will hold exactly but if it
requires such transformations it can not hold exactly. However as a first, and simpler step,
we will examine if equation (4.24) is gauge invariant.
The gauge transformations of the E11 fields were found in reference [18]. Using equa-
tion (5.12) of this reference we find that the gauge transformations of the field Aa1...a10, b1b2
are given by
δAa1...a10, b1b2 = (Da1...a10, b1b2)D
C ∂C Λ
D. (6.1)
Here ΛD is the parameter of the gauge transformation. In this equation ∂C are the deriva-
tives with respect to the generalised coordinates and the parameters ΛD are labelled by
the l1 representation. The matrix Da1...a10, b1b2 is the one that occurs in the commutator
of the generator Ra1...a10, b1b2 and the generator lD in the l1 representation to give the
generator lC . We are interested in the terms in the gauge transformations that contain the
usual spacetime derivatives, that is, those of level zero. As a result we require a parameter
ΛD in equation (6.1) that belongs to level four, like the field we are varying. By examining
the commutators one finds that only the last three l1 generators given in equation (A.5)
in appendix A can contribute. As already mentioned each of these three generators has a
gauge parameter associated with it, namely:
Λa1...a9, b1b2 , Λ
(1)
a1...a10, b
, Λ
(2)
a1...a10, b
. (6.2)
We note that two of the parameters have the same index structure corresponding to the fact
that the corresponding l1 generators occur with multiplicity two in the l1 representation.
In fact these two parameters contribute to the right-hand side of (6.1) in the same way and
so we may just take one of them. These leaves us with only two parameters: Λa1...a9, b1b2
and Λa1...a10, b. Using equation (6.1) and equations (A.6-A.8) in appendix A we find that
δAa1...a10, b1b2 = ∂(b1 Λ|a1...a10|, b2) −
10
11
∂[a1 Λa2...a10](b1, b2)
+ ∂[a1 Λa2...a10], b1b2 (6.3)
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In deriving this last equation we have rescaled the Λ parameters in order to get simpler
coefficients.
Equation (4.24) involves the Cartan form, corresponding to the field A|a1...a10|,b1b2),
which is antisymmetrised in its first eleven indices and this transforms as
δG[a1,a2...a11],b1b2 =
1
2
(∂b1 ∂[a1Λa2...a11], b2 + ∂b2 ∂[a1Λa2...a11], b1) (6.4)
We see that ǫa1a2...a11G[a1,a2...a11],b1b2 transforms in the same way as the usual sym-
metrised gravity field h(ab). The analogue of the field hb1b2 being the Cartan form
ǫa1a2...a11G[a1,a2...a11],b1b2 and the transformations parameter ξb being the parameter
ǫa1a2...a11∂a1Λa1a2...a11,b. In the considerations that follow the eleven indices will play no
role and go along for the ride and so we will simply ignore them in the discuss.
Examining equation (4.24) we observe that it contains the object E(2)a1a2...a11,bc,d ≡
−2∂[b|G[a1,a2...a11],|c]d and under the above gauge transformation this transforms as
δ E(2)c1...c11, b1b2 a = − ∂a ∂[b1 ∂[c1 Λc2...c11], b2] ≡ ∂aΛˆ[c1c2...c11], b1b2 . (6.5)
We observe that E(2)c1...c11, b1b2,a changes in the same way as the usual spin connec-
tion but by a composite Lorentz transformation with parameter Λˆ[c1c2...c11], b1b2 . In fact
E(2)c1...c11, b1b2 a, contains the analogue of the first two terms of the spin connection as
given in equation (3.7).
The simplest gauge invariant object is
E(3)c1...c11, a1a2, b1b2 = −
1
2
(∂a1E
(2)
c1...c11, b1b2, a2 − ∂a2 E
(2)
c1...c11, b1b2,a1)
= 2 ∂[a1 ∂[b1 G[c1, c2...c11],a2]b2], (6.6)
We identify E(3)c1...c11, a1a2, b1b2 as the analogue of the Riemann tensor. Indeed start-
ing from the observation below equation (6.4) we could have constructed the analogue of
the Christoffell symbol and then the analogue of the Riemann tensor however the result is
the same as the object E(3)c1...c11, a1a2, b1b2 of equation (6.6).
Thus the above gauge invariance considerations suggest that the field Aa1...a10,b1b2
should obey the equation of motion
E(3)c1...c11, a1a2, b1b2 = 2 ∂[a1 ∂[b1 G[c1, c2...c11], a2]b2] = 0 (6.7)
In order to confirm this field equation we now consider its E11 transformations and
show that it leads to the other equations that we have also found without having to require
any modulo transformations. The Ic(E11) transformations of the field Aa1...a10,b1b2 into the
fields of level three can be found from equation (2.9) using the commutators of appendix
A. One finds that
δ Ga1...a10, b1b2 =
24
11
G[a1...a7(b1, b2) Λa8a9a10] −
24
11
G[a1...a8, (b1 Λb2)a9a10] + . . . , (6.8)
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where + . . . indicates the presence of level five terms which we will not consider. Under
this transformation the Cartan form of interest transforms as
δ G[a1, a2...a11], b1b2 =
27
11
G[[a1, a2...a8(b1], b2) Λa9a10a11]
−
24
11
G[a1, a2...a9, (b1 Λb2)a10a11] −
3
11
G(b1, [a1...a8, |b2)| Λa9a10a11]. (6.9)
A calculation shows that the Riemann tensor transforms as
δ E(3)c1...c11, a1a2, b1b2 = −
15
11
∂[a1 ∂[b1
(
G[c1, c2...c9|, b2] Λ|c10c11]a2] +G[c1, c2...c9|, a2] Λ|c10c11]b2]
)
= −
60
11 · 11!
εc1...c11 ∂[a1 ∂[b1
(
E(1)a2], d1d2 Λb2] d1d2 +E
(1)
b2], d1d2 Λa2] d1d2
)
+
60
11 · 11!
εc1...c11 ∂[a1 ∂[b1
(
ωa2], d1d2 Λb2] d1d2 + ωb2] d1d2 Λa2], d1d2
)
. (6.10)
To go from the first line of this equation to the second line we have used the gravity-dual
gravity relation of equation (4.9). As a result the first two terms of equation (6.10) contain
the gravity-dual gravity relation and the ω a, b1b2 that appears is the usual spin connection
of equation (3.8). We note that although this last relation only holds modulo local Lorentz
transformations it is straightforward to show that the duality relation that occurs in this
equation in just such a way that these transformations are eliminated. The last two terms
of equation (6.10) can be cancelled by adding terms to E(3)c1...c11, a1a2, b1b2 which contain
derivatives with respect to the higher level coordinates. This can be seen by reading the
discussion at the end of section two and writing equation (6.10) in the form
δ E(3)c1...c11, a1a2, b1b2 = −
15
11
∂[a1 ∂[b1
(
G[c1, c2...c9|, b2] Λ|c10c11]a2] +G[c1, c2...c9|, a2] Λ|c10c11]b2]
)
= −
60
11 · 11!
εc1...c11 ∂[a1 ∂[b1
(
E(1)a2],
d1d2 Λb2] d1d2 +E
(1)
b2]
d1d2 Λa2], d1d2
)
−
120
11 · 11!
εc1...c11 ∂[a1 ∂[b1
(
∂d1 h(d2|a2]) Λb2]
d1d2 + ∂d1 h(d2|b2]) Λa2]
d1d2
)
. (6.11)
Thus we have found that the equation of motion of equation (6.7) does indeed vary precisely
into the previous equations and hence we have found an equation, that does not involve
any modulo transformations, and whose E11 variation gives our other equations without
the use of modulo transformations. As we have explained above this equation is also gauge
invariant. As a result, equation (6.7) is the field equation for the field Aa1...a10,b1b2 . This
also implies that equation (4.24) only holds modulo certain transformations and these can
be found following the discussion at the end of section five.
From equation (6.10) one can also find the E11 variation of the analogue of the Ricci
tensor Rc1...c11,ab by taking a contraction. It follows that this will also vary into the
previous field equations. In principle one could take our equation to be that the analogue
20
of the Ricci tensor to vanish rather than the Riemann tensor is zero. However, this is
unlikely to be the case in view of the fact the vanishing of the Riemann tensor satisfies all
the above requirements.
We now consider the consequences of the field equation (6.7) for the field Aa1...a10,b1b2
which essentially states that the analogue of the Riemann tensor vanishes. We recall that if
the Riemann tensor vanishes then one can find a coordinate system in which the spacetime
is flat. Applying this to our setting we can conclude that there exists a gauge in which
G[a1,a2...a11],bc = mǫa1a2...a11ηbc (6.12)
wherem is a parameter. This makes it clear that the field Aa1a2...a10,bc carries no degrees of
freedom. Thus even though we have a field equation with three derivatives E11 has found
a way to ensure that there are no additional degrees of freedom from this level four field.
Since the full equations will be general coordinate invariant the right hand side of equation
(6.12) will be promoted to the same expression, provided if we use tangent indices, plus
terms bilinear and higher in the Cartan forms of other fields.
We now consider the dimensional reduction to ten dimensions, that is, to the IIA
theory. We find the eleven-dimensional field A
aˆ1...aˆ10,bˆ1bˆ2
, where now aˆ, bˆ, . . . = 0, 1 . . . , 10,
gives rise to the following fields Aa1...a10,b1b2 Aa1...a9,b1b2 , Aa1...a10 and Aa1...a9 in ten di-
mensions. In listing these fields we have taken into account the irreducibility condition
A[aˆ1...aˆ10,bˆ1]bˆ2 = 0 valid before dimensional reduction. We see from equation (4.24) that
the field Aa1...a9 obeys the equation
Fa1...a10 ∝ mǫa1...a10 (6.13)
where Fa1...a10 = ∂[a1Aa2...a10]. If were to assume that this field occurs in the action in the
usual way this would lead to a theory with a cosmological constant which must be Romans
theory. From the viewpoint of the non-linear realisation one should find that the square of
this field strength appears in the energy momentum tensor on the right-hand side of the
Einstein equation. It would be interesting to show this explicitly.
7. Discussion
In this paper we have found, at the linearised level, the equations of motion that
result from the E11 ⊗s l1 non-linear realisation up to and including level four. A general
pattern can be discerned. One finds a set of E11 invariant equations that are first order
in derivatives. These equations are often but not always duality equations in that they
contain two different fields; they also only hold modulo certain transformations, the one
exception being the lowest level such equation. From these equations one can deduce, by
taking derivatives, a set of equations that are second order in derivatives. These equations
with two derivatives rotate into themselves and the equations with one derivative under
E11 transformations. At lowest levels, these equations, which have two derivatives, hold
exactly that is without being modulo certain transformations and they contain only a
single field. They are the familiar second order equations that account for the degrees of
freedom of the eleven dimensional supergravity theory. However, at level four one finds
two equations that are second order in derivatives; one of these holds exactly and relates
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one of the level four fields to the three form field and so is a novel kind of duality equation,
while the other only contains a single level four field but it only holds modulo certain
transformations. By taking derivatives of this latter equation one finds an equations that
is third order in derivatives that holds exactly and rotates under E11 transformations
into the other equations. This later equation, when reduced to ten dimensions, leads to
Roman’s theory and so it provides an eleven dimensional origin for this theory. The web
of E11 invariant equations are given in the table one in section one. We note that even
though we have calculated up to level four in the fields we have not required any section
condition to verify the E11 invariance and we see no need for such a condition.
Thus we find that as one goes to higher and higher levels one finds that one needs
more and more derivatives to find an equation that holds exactly. These exact equations
can be derived from the equations with less derivatives, including equations with only
one derivative. The set of all equations rotate into themselves under E11 transformations
which is in fact how they were derived. The pattern is that the exact equation for a given
field possess one derivative for each block of antisymmetric indices that the field possess.
Thus if a field has n blocks of indices the exact equation will contain n derivatives and
this equation can be derived from equations with lower number of derivatives but these
equations only hold modulo certain transformations. This rule applies to all the equations
derived in this paper and in particular it applies to the very lowest level, and very familiar,
duality equation which expresses the duality between the three form and six form fields
which holds exactly and is gauge invariant. We are used to think of the dynamics as being
given by exact equations but E11 produces instead a web of equations only the ones with
the most derivatives being exact. In this sense the dynamics that the non-linear realisation
leads to is unconventional.
As noted in the introduction the E11 ⊗s l1 non-linear realisation contains an infinite
number of fields which are dual to the fields which we usually use to describe the degrees
of freedom of supergravity, see equation (1.1). For the three, six form and their higher
level dual fields a system of equations of the type found in this paper has been found on
general grounds. That is a series of duality equations that are first order in derivatives and
only hold modulo certain transformations and from these one can derive exact equations
by taking derivatives [11]. In this paper we have found that the first few such equations are
contained in the web of E11 invariant equations and as a result they really do transform
into each other under duality transformations as these are part of the E11 symmetry.
Although we have not assumed that the equations are gauge invariant the exact equa-
tions that we have derived are gauge invariant. Thus it seems that gauge invariance is a
consequence of E11 invariance, at least up to the level investigated. It follows that the
geometry that underlies the E11 ⊗s l1 non-linear realisation is very far from being a Rie-
mannian geometry. It would be of interest to understand how to construct the equation
that result from the non-linear realisation more systemically as the complexity increases
greatly as one goes to higher levels. It could be that one can find the geometry hidden in
the non-linear realisation or use the unfolding techniques that occur in higher spin theories
whose equations have several similarities to the equations we find in this paper.
We note that the level four field which possess a block of eleven antisymmetrised
indices did not occur in the equations of motion and one could speculate that this could
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be a general feature, namely that fields with blocks of eleven antisymmetrised indices play
no role in the dynamics.
The equations of motion involving the lowest level fields given in this paper have
previously been found at the full non-linear level. These include the equation for the three
form and the metric; they are precisely the equations of eleven dimensional supergravity
[7,8]. However, it would be good to find the non-linear analogues of the equation of motion
(3.11) for the dual graviton and the first order duality relation between the graviton and
the dual graviton, equation (4.9). This is currently being studied.
In carrying out this calculation we began from the E11 Dynkin diagram and its vector
representation and calculated the consequences of the non-linear realisation E11⊗s l1. The
only other assumption was that the local subgroup in the non-linear realisation was the
Cartan involution invariant subgroup Ic(E11). The resulting theory has all its fields and
coordinates specified, the former just correspond to the Borel subalgebra generators of E11
and the later to the elements of the vector representation. The dynamics is just the set of
E11 invariant equations with the fewest number of derivatives. Thus the bosonic sectors of
the maximal supergravity theories follow from this construction, at low levels, in a unique
way and one can even say that they are encoded in the E11 Dynkin diagram. Indeed by
truncation of the maximal supergravity theories one can find all the bosonic sectors of the
other non-maximal supergravity theories and so essentially much of supergravity can be
derived from the E11 Dynkin diagram. The equations of motion that emerge correctly
describe not only the dynamics of the usual fields but also that of the higher level fields
where this has been tested, such as in this paper. This requires very many conspiracies and
it could have failed at any point. We encourage the reader to try some of the calculations
in this and the papers [7,8] and see this for him or herself. This, and most previous papers,
concern only the bosonic fields of supergravity and while one can include fermions [19]
along the lines of that first given in the E10 context [20] it would be interesting to derive
these results from a deeper perspective.
Appendix A
The E11 algebra in eleven dimensions has been found up to level three in previous
papers on E11 and the result is given in the book of reference [17]. In this paper we are
using some of the commutators that involve level four generators in both the E11 algebra
and the l1 part of the semi-direct product algebra E11 ⊗S l1. The full results will be
published elsewhere [21] but here we present the ones we needed in this paper in this
appendix. These commutators were found in collaborations with Nikolay Gromov using
Wolfram Mathematica. The level 4 generators appear in the commutator of level three
generators with the level one generator and these commutators are given by [22]
[
Ra1a2a3 , Rb1...b8, c
]
=
3
2
Rb1...b8[a1, a2a3]c −
1
6
Rb1...b8c, a1a2a3
+Rb1...b8[a1a2,a3]c +Ra1a2a3b1...b8, c −
1
3
Rb1...b8c[a1a2, a3], (A.1)
The commutators of level four generators with the level −1 generator are given by[
Ra1a2a3 , R
b1...b9, c1c2c3
]
= 189 δ[c1c2[b1a1a2 a3 R
b2...b9], c3] + 432 δ[c1[b1b2a1 a2a3 R
b3...b9]c2, c3]
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+252 δ[b1b2b3a1a2a3 R
b4...b9][c1c2, c3], (A.2)
[
Ra1a2a3 , R
b1...b10, c1c2
]
=
405
2
δ[b1b2(c1a1a2a3 R
b3...b10], c2) − 180 δ[b1b2b3a1a2a3 R
b4...b10](c1, c2), (A.3)
[
Ra1a2a3 , R
b1...b11, c
]
=
495
4
δ[b1b2b3a1a2a3 R
b4...b11], c. (A.4)
In order to determine in section six the gauge transformation of the Aa1...a10,b1b2 field
we require certain of the commutators of the E11 generators with those level four generators
in the l1 representation. There are six different l1 generators at level four:
Za1...a8, b1b2b3 , Za1...a11 , Za1...a9, b1b2 , Zˆa1...a9, b1b2 , Z
a1...a10, b
(1) , Z
a1...a10, b
(2) , (A.5)
where indexes (1) and (2) indicate that generator Za1...a10, b has multiplicity 2 and these
generator satisfies the condition Zˆa1...a9, b1b2(n) = Zˆ
a1...a9, (b1b2)
(n) for n = 1, 2. However, we will
require only the last three generators and it will also turn out that we also only require
those that have the generators Pa on the right-hand side. The corresponding commutators
are given by
[
Ra1...a10, c1c2 , Zˆ
b1...b9, d1d2
]
=
189 · 12!
88
(
δ d1d2(c1c2) δ
b1...b9
[a1...a9
Pa10] + 2 δ
[b1(d1
(c1 c2)
δ
d2)b2...b9]
[a1 . . . a9
Pa10]
)
,
(A.6)[
Ra1...a10, c1c2 , Z
b1...b10, d
(1)
]
=
105 · 10!
44
(δb1...b10a1...a10 δ
d
(c1
Pc2)
+δ[b1...b9|d|a1 . . . a10 δ
b10]
(c1
Pc2) + δ
b1 . . . b10
[a1...a9(c1
δ dc2) Pa10]), (A.7)[
Ra1...a10, c1c2 , Z
b1...b10, d
(2)
]
=
5 · 10!
4
(δb1...b10a1...a10 δ
d
(c1
Pc2)
+δ[b1...b9|d|a1 . . . a10 δ
b10]
(c1
Pc2) + δ
b1 . . . b10
[a1...a9(c1
δ dc2) Pa10]). (A.8)
Appendix B
Now we show that the linearised dual graviton equation, found in this paper, that is,
equation (3.10), E(2)a1...a8, b = 0, forms an irreducible representation of SL(11). We recall
that
E(2)a1...a8, b = −
1
4
∂[cG[c, a1...a8], b] = −
1
4
∂[c ∂[cAa1...a8], b] (B.1)
Expanding out the anti-symmetries we can write this object as
E(2)a1...a8, b = −
1
72
∂2Aa1...a8, b +
1
9
∂b ∂[a1 Aa2...a8]c,
c
+
1
72
∂c ∂bAa1...a8, c −
1
9
∂c ∂[a1 Aa2...a8]c, b (B.2)
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and as a result the completely antisymmetrised object satisfies the equation
E(2)[a1...a8, b] = −
1
72
∂2A[a1...a8, b] +
1
9
∂[b ∂a1 Aa2...a8]c, c
−
5
36
∂c ∂[cAa1...a8, b] −
1
72
∂2A[a1...a8, b] = 0. (B.3)
In deriving this result we have used the following identity
∂[bAa1...a8], c − 8 ∂[a1 Aa2...a8|c|, b] = 10 ∂[bAa1...a8, c] + ∂cA[a1...a8, b]. (B.4)
on the last two terms in equation (B.2). Examining equation (B.3) we find that the
linearised dual graviton equation of motion does belong to an irreducible representation of
SL(11) as it satisfies the condition
E(2)[a1...a8, b] = 0 (B.5)
We have used the irreducibility property of the Aa1...a8, b field (A[a1...a8, b] = 0) and the
symmetry of the derivatives. This is to be expected as the field equation for a given field
often belongs to the same irreducible representation as the field since it is usually derivable
from an action that is bilinear in the field. We also note that the field that appears in
E11 is just the irreducible part. The considerations of this, and previous papers, dispel the
doubts that only this part would not be enough to describe gravity using this field.
Note added
In this note added we will fill in some of the gaps concerning the equations satisfied
by the field Aa1...a10,b1b2 . In particular we will find the Ic(E11) variations of the equations
involving this field and show that they give the other equations plus terms involving modulo
contributions. In particular, we find the modulo terms for the equations which are first
and second order in derivatives while the equation that is third order in derivatives varies
exactly into the other equations. In this way we will derive precisely what are the modulo
terms up to which the equation involving Aa1...a10,b1b2 hold.
In section five, by varying the gravity-dual gravity equation, we derived equation (5.9)
which was first order in derivatives and involved the field Aa1...a10,b1b2 . We find that the
Ic(E11) variation of this equation is given by
δE (1)c1...c11, a1a2 = −
60
11 · 11!
εc1...c11 E
(1)
(a1|, d1d2
Λ|a2)
d1d2 − εc1...c11 ∂(a1 Λ˜a2), (N.1)
where E
(1)
a, b1b2
is the gravity-dual gravity relation of equation (5.2), or equation (4.7),
E (1)c1...c11, a1a2 ≡ G[c1, c2...c11], a1a2 +
20
11 · 11!
εc1...c11 G
d
(a1, (a2)d), (N.2)
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and ∂(a1 Λ˜a2) is the modulo term given by
∂(a1Λ˜a2) = −
60
11 · 11!
(
G(a1, |d1d2| Λa2)
d1d2 +
1
20
εd1...d11 G(a1, |d1...d8|, a2) Λd9d10d11
)
.
(N.3)
One can extract off the derivative from both sides of this equation to find a much more
complicated expression in terms of the E11 fields. We note that Λa
d1d2 is a constant in
this equation as we are working at the linearised level. As we did when varying the other
equations of motion in this paper we have added terms which involve the derivatives of
the level one coordinates to the object being varied.
Looking at equation (N.2) we conclude that equation (5.9) holds in the following sense
E (1)c1...c11, a1a2=˙0, meaning E
(1)
c1...c11, a1a2
− εc1...c11 ∂(a1 Λˆa2) = 0 (N.4)
for arbitrary Λˆa2 . This analysis justifies and makes precise the meaning of equation (5.9)
In section four we found equation (4.24) that was second order in derivatives and was
derived from the variation given in equation (4.21). The Ic(E11) variation of the object in
equation (4.24) is given by
δE
(2)
c1...c11, a, b1b2
=
60
11 · 11!
εc1...c11 ∂[b1|
(
E
(1)
|b2], d1d2
Λa
d1d2 + E
(1)
a, d1d2
Λ|b2]
d1d2
)
+εc1...c11 ∂a ∂[b1 Λ˜b2], (N.5)
where
E
(2)
c1...c11, a, b1b2
= − 2 ∂[b1 G[c1, c2...c11], b2]a−
20
11 · 11!
εc1...c11
(
∂daG[b1, (b2]d) − ∂
d
[b1 Gb2], (ad)
)
.
(N.6)
and ∂a ∂[b1 Λ˜b2] is the modulo term given by
∂[b1Λ˜b2] = −
60
11 · 11!
(
G[b1, |d1d2| Λb2]
d1d2 +
1
20
εd1...d11 G[b1, |d1...d8|, b2] Λd9d10d11
)
. (N.7)
We observe that equation (4.24) varies into the other equations but also has a modulo
term. Indeed examining the above equation we conclude that equation (4.24) holds in the
sense
E
(2)
c1...c11, a, b1b2
=˙0, meaning E
(2)
c1...c11, a, b1b2
+ εc1...c11 ∂a ∂[b1 Λˆb2] = 0 (N.8)
for arbitrary Λˆb.
We note that the objects in equations (N.2) and (N.5) are related by a projector
E
(2)
a1...a11, b, c1c2
≡
(
σ E(1)
)
a1...a11, b, c1c2
= − 2 ∂[c1|E
(1)
a1...a11, |c2]b
= − 2 ∂[c1 G[a1, a2...a11], c2]b
(N.9)
where we neglect the terms with derivatives with respect to the level one coordinates.
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We can act with a projector, which is first order in derivatives, on the quantity of
equation (N.8) to find a relation whose variation holds exactly. We consider the object
E
(3)
a1...a11, b1b2, c1c2
≡
(
ρE(2)
)
a1...a11, b1b2, c1c2
= − ∂[b1 E
(2)
|a1...a11|, b2], c1c2
= 2 ∂[b1 ∂[c1 E
(1)
|a1...a11|, c2]b2]
= 2 ∂[b1 ∂[c1 E
(1)
[a1, a2...a11], c2]b2]
. (N.10)
As the equation shows it can also be found by acting with a projection with two derivatives
on the object we considered at the beginning of this section. The Ic(E11)variation is given
by
δE
(3)
c1...c11, a1a2, b1b2
= −
60
11 · 11!
εc1...c11 ∂[a1| ∂[b1|
(
E
(1)
|a2], d1d2
Λ|b2]
d1d2 + E
(1)
|b2], d1d2
Λ|a2]
d1d2
)
,
(N.11)
where
E
(3)
c1...c11, a1a2, b1b2
= 2 ∂[a1 ∂[b1 G[c1, c2...c11], b2]a2]
−
20
11 · 11!
εc1...c11
(
∂d[b1 ∂b2]E
(1)
[a1, (a2]d)
+ ∂d[a1 ∂a2]E
(1)
[b1, (b2]d)
)
. (N.12)
We see that E
(3)
c1...c11, a1a2, b1b2
does indeed vary into the other equations, in particular the
gravity-dual gravity relation, without any modulo terms and so we can take it to hold
exactly, that is,
E
(3)
c1...c11, a1a2, b1b2
= 0 (N.13)
We observe that the modulo transformations of the gravity-dual gravity relation are elimi-
nated by the way this object appears in E
(3)
c1...c11, a1a2, b1b2
. The result of equation (N.13) is
the same as that of equation (6.7). However, we arrived at this last equation by a different
route, that is, by finding an equation that was the gauge transformation rather than using
the Ic(E11). Hence we confirm that the field Aa1...a10,b1b2 obeys an exact equation that is
third order in derivatives. We recall that we found in section six that this equation lead
to no degrees of freedom.
It was shown in section five that the modulo terms in the equations of motion are
closely related to gauge transformations. Examining equations (N.4) and (N.8) and the
gauge transformations of equations (6.4) and (6.5) we find that the same conclusion holds
for the equations of motion of the field Aa1...a10,b1b2 .
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